Abstract. We treat three types of measures of the quantum walk (QW) with the spatial perturbation at the origin, which was introduced by [1]: time averaged limit measure, weak limit measure, and stationary measure. From the first two measures, we see a coexistence of the ballistic and localized behaviors in the walk as a sequential result following [1, 2] . We propose a universality class of QWs with respect to weak limit measure. It is shown that typical spatial homogeneous QWs with ballistic spreading belong to the universality class. We find that the walk treated here with one defect also belongs to the class. We mainly consider the walk starting from the origin. However when we remove this restriction, we obtain a stationary measure of the walk. As a consequence, by choosing parameters in the stationary measure, we get the uniform measure as a stationary measure of the Hadamard walk and a time averaged limit measure of the walk with one defect respectively.
Introduction
This paper is a sequential work following [2] (2009) and [1] (2010) by the first author. Localization is considered as a typical property of discrete-time QWs beginning from [3, 4] in the numerical simulations. Let X n be the walk at time n. In this paper, we say that the walk exhibits localization at position x ∈ Z if and only if its time averaged limit measure is exactly positive, i.e.,
The other definitions of localization have been discussed in [5, 6, 7] . There are three classes of QWs to see localization of one-dimensional QW. The first class is QWs with the spatial perturbation. Each quantum coin fixed through the steps depends on each position. By numerical simulations, localization occurs with a quasi-periodic perturbation in [8] . A QW with one defect was introduced by [1] . It was shown that the QW tends to exhibit a localization in even small perturbation. Cantero et al. [9] presented an explicit expression of necessary and sufficient condition for localization in QWs with one defect and found an importance of the initial coin state for the localization, from the view point of the spectral theory based on, for example, [10, 11, 12] . Some periodic and quasi-aperiodic perturbations implies bounded or unbounded QWs [5, 13] . Recently, it was shown in [6, 7] that QW in a (spatial) random environment given by a general distribution exhibits localization. However, remark that there is also a QW with spatial random environment which has just a ballistic spreading without localization [2] . The second class is QWs with the temporal perturbation. The quantum coin at each time step is updated. By using a combinatorial analysis introduced by [14, 15] , Konno [16] (2005) showed the distribution averaged by the environment for temporal disordered QWs including the models numerically simulated by [17, 18] . The temporal perturbation in the above QWs implies a central limit theorem. It is reported in [19, 20] that a more general setting for a temporal perturbation also gives a similar statement to the Konno's result in [16] . It seems that a temporal disorder tends to induce the diffusive spreading from the above models [16, 19, 20] . However, recently Chandrashekar [21] showed that his class of temporal perturbation models exhibits localization through numerical simulations. A temporal one defect walk studied in [22] exhibits also localization. The last class is QWs with multi-coin state introduced by [23] . Increasing the coin state also exhibits localization. As is first suggested by Inui et al., [24] (2005), we need two kinds of limit theorems in this walk to describe the limit behaviors. The first one corresponds to localization. However, we can see that the summation of the asymptotic measure over the all position, C, is strictly smaller than one. The second one is the weak convergence theorem corresponding to the missing part 1 − C. Each of weak limit measures µ for the multistate coin QW appeared in [24, 25, 26, 27, 28, 29] has a common expression. Therefore, we present a universality class of QWs whose weak limit measures have the expression. Concretely, the weak limit measure is given in the following way: there exist a rational polynomial w(x), and real numbers C ∈ [0, 1), r ∈ (0, 1) such that µ(dx) = Cδ 0 (x) + w(x)f K (x; r)dx, where
with
It was shown that the QW studied in [2] belongs to the universality class (C = 0). However, it is not known that the QW in [1] belongs to the class. In this paper, we give an affirmative answer to this problem, indeed C ∈ [0, 1), by using a path counting method. Recently, Liu and Petulante [30] treated limit behaviors determined by bistochastic quantum operations on a finite system. On the other hand, for an infinite system, we obtain stationary and time averaged limit measures which belong to categories (2) and (4) in their notation. This paper is organized as follows. Section 2 gives the definition of the QW treated here. Moreover we define three measures of the walk: stationary measure, time averaged limit measure, and weak limit measures. We present the generating function of weight of passage and the time averaged measure of the walk in Sect. 3. Section 4 is devoted to the weak limit measure. We show that this walk belongs to the universality class we introduced. In the final section, we give an expression for the stationary measure when we remove the restriction of the initial state starting from the origin.
Definition of the walk
In this section, we give the definition of the space-inhomogeneous two-state QW on Z considered here, where Z is the set of integers. The discrete-time QW is a quantum version of the classical random walk with additional degree of freedom called chirality. The chirality takes values left and right, and it means the direction of the motion of the walker. At each time step, if the walker has the left chirality, it moves one step to the left, and if it has the right chirality, it moves one step to the right. Define
where L and R refer to the left and right chirality state, respectively. For the general setting, the time evolution of the walk is determined by a sequence of 2 × 2 unitary matrices, {U x : x ∈ Z}, where
with a x , b x , c x , d x ∈ C and C is the set of complex numbers. The subscript x indicates the location. The matrices U x rotate the chirality before the displacement, which defines the dynamics of the walk. To describe the evolution of our model, we divide U x into two matrices:
with U x = P x + Q x . The important point is that P x (resp. Q x ) represents that the walker moves to the left (resp. right) at position x at each time step. For a given sequence {(ω x , ω x ) : x ∈ Z} with ω x , ω x ∈ [0, 2π), let
Our previous papers [1] and [2] treated the QWs determined by U x (ω x , 0) and U x (0, ω x ), respectively. Here we concentrate on a simple inhomogeneous model with one defect
In particular, our previous paper [1] corresponds to the following special case:
So when ω = 0, our model is homogeneous except the origin. If ω = 0, then this model becomes homogeneous and is equivalent to the Hadamard walk determined by the Hadamard gate U x = U x (0, 0) ≡ H:
Let Ψ n (x) denote the amplitude of space-inhomogeneous QW at position x at time n as follows:
Then the definition of the evolution gives
Then the state of the QW at time n is given by Ψ n = (U (s) ) n Ψ 0 for any n ≥ 0. The measure that our quantum walker exists in position x at time n with initial state Ψ 0 is defined by
In general, we define a map ϕ : (
Note that µ n (x) = ϕ (Ψ n (x)). Define
We call the element of M I the stationary measure of the QW. We rewrite the element of M I by µ (Ψ0) I to emphasize "stationary distribution" and the dependence on the initial state Ψ 0 . Moreover, we introduce the time average of µ n (x) and its limit:
where µ
represents the dependence on the initial state Ψ 0 . We call the element of M ∞ the time-averaged limit measure of the QW. Obviously, we have
be a random variable whose distribution is defined by P (X
where "⇒" means the weak convergence. Moreover,
We call the element of M W "weak limit measure". We rewrite the element of M W to emphasize "weak convergence" and the dependence of the initial state by µ
W . For example, in the Hadamard walk case as already has been shown in [14, 15] , when the initial state is
. As is seen in [24, 25, 26, 27, 28, 29] , typical weak limit measures are decomposed as follows: there exist a rational polynomial w(y), real numbers C ∈ [0, 1) and r ∈ (0, 1) such that
We propose a universality class of QWs, M K (⊆ M W ), characterized by the weak limit measure expressed as Eq. (5). That is, the measure can be written as the convex combination of the Dirac measure at the origin, δ 0 (x), and the absolutely continuous part, w(x) times f K (x; r)dx. 
3 Time averaged limit measure
Generating function for weight of passage
In this subsection, we will consider a general setting such that each quantum coin is assigned to each position in the following way
with a x b x c x d x = 0, where U(2) is the set of 2 × 2 unitary matrix. Let Ξ(x, n) be the weight of all passage from the origin to the position x at time n. For example, since Ξ(1, 3) is constructed by the weight of three passages "left→right→right", "right→left→right" and "right→right→left", so
|R L|U x and the product between them has an algebraic relation as shown in Table 1 (see [14, 15] ), for example, P x R 0 = a x R 0 . At first, we give the generating function Ξ x (z) ≡ t Ξ(x, n)z t which is the key to solve the limit theorems treated here. Assume that we start the QW from the origin with the initial coin state ψ 0 = T [α, β] throughout this section, where |α| 2 + |β| 2 = 1 and T is the transposed operator.
where λ (+)
x (z) has the following continuedfraction representation:
Proof. Define F (+) (x, n) (resp. F (−) (x, n)) as the weight of all passages which start from x and return to the same position x at time n avoiding {y ∈ Z : y ≤ x} (resp. {y ∈ Z : y ≥ x}) throughout the interval 0 < s < n, respectively. Furthermore denote Ξ (+) (x, n) (resp. Ξ (−) (x, n)) as the weight of all passages which start from x and return to the same position x at time n avoiding {y ∈ Z : y < x} (resp. {y ∈ Z : y > x}) throughout the interval 0 ≤ s ≤ n. The generating function F (+)
x (z) ≡ n F (+) (x, n)z n can be expressed as follows: there exists a complex number f
On the other hand, note that all the passages which generate the F (+) (x, n) exactly move to right at the first step and finally move to left. Then we have F (+)
x (z) can be re-expressed as
Combining Eqs. (10) and (11), we obtain the continued-fraction representation of f (+)
x (z) given by Eq. (8). In the same way, we obtain
Thus the above equations induce the continued-fraction representation of f (−)
x (z) given by Eq. (9). Next, let us consider the generating function Ξ 0 (z). The relation between Ξ 0 (z) and F
. Assume x > 0. There exactly exists the time 0 < s * ≤ n in the n-length passage from the origin to the position x such that the passage never goes back to {y ∈ Z : y < x} for any time s * < s ≤ n. Therefore we get
Put
. Combining Eqs. (10) and (13), Ξ x (z) can be re-written by
On the other hand, for x < 0, in a similar fashion, we obtain Eq. (7). Thus we complete the proof.
We should remark that when
with ρ = 1 − |b| 2 for any |x| ≥ 1 and the initial state starts from the origin with the coin state |L , then the walk is nothing but the quantum walk on Z + discussed in [12] of Type II QW. In this case, putting f (−)
x (z) = 0 for all x < 0, then we have
In the following, let us consider a connection between the generating function shown in Lemma 3.1 and the Carathéodory function related to the spectral measure of the QW by confirming the correctness of Eq. (14) from another way in the view point of the spectral measure of the quantum walk [11] . Put C as the time evolution of Type II QW discussed in [12] . From the Maclaurin expansion and the Karlin-MacGregor formula [31] related to the QW [11] , the scalar valued Carathéodory function of the spectral measure dµ(z) of Type II QW, F (II) (z), is expressed as
where (C) 0,0 is the element of left upper most of C. Note that
Then combining Eq. (15) with Eq. (16), we get
Indeed, by substituting the following explicit expression for F (II) (z) obtained in [12] by using the CGMV method into Eq. (17), we see that the same expression as RHS of Eq. (14) appears again.
On the other hand, in the doubly infinite case, the matrix valued Carathéodory function F (z) following the order given by Eq. (1) in [9] can be expressed by
where
Here
) be the generating function of the weight of passages from the origin to x in the setting where every quantum coin U y is assigned to y + 1 (y ∈ Z). From a similar argument, a relation between our generating functions and the matrix valued Carathéodory function corresponding to Eq. (17) is given by
Therefore a relation between our generating function and the Carathéodory fucntion is given by Eq. (17) (semi-infinite case) and Eq. (20) (doubly infinite case). Another expression for the Carathéodory function F (z) using the Schur functions can be seen in [9] . The asymptotic return probability and its necessary and sufficient condition for the localization of one defect QW are explicitly obtained with nice geometric representations in [9] by using the CGMV method.
Time averaged limit measure of QW with one defect
In this subsection, we consider a quantum walk with one defect at the origin including [1] , that is,
with ∆ = ∆ 0 , where ∆ and ∆ 0 are the determinants of U and U 0 , respectively. From Lemma 3.1, we obtain the following time averaged limit measure. Furthermore, the weak limit measure is given in the next section. 
2. if |x| ≥ 1,
Proof. Remark that f (+)
). Here f (+) and f (−) are one of the solutions for
which derive from Eqs. (8) and (9), respectively, where
Thus the explicit expressions for θ (±) and λ (±) are
We choose the square root so that | λ (±) | < 1 for |z| < 1 and for |z| → 0, f (±) → 0. If w = (1 − ǫ)e iθ , then the square root is expressed as [9] 
Put m = Re(cc 0 ) and
Each of four poles of Ξ x (z) with the absolute values 1 is equal to an each of solutions of Λ 0 = 0 given by
where cos γ = −m/|c|. Noting |a| < |Re(±w ± )|, Eq. (25) implies
From the Cauchy theorem and the description of pp.264-265 in [34] , the asymptotic behavior of Ξ(x, n) for large time step n can be evaluated as
where M (±) ǫ = −Res( Ξ x (z); ±w ǫ ), ǫ ∈ {±}. Therefore from Proposition 3.1, Eqs. (27)- (30) provide
, we obtain the desired conclusion. 
. Assume U = U (0, 0) and U 0 = U 0 (0, ω) given by Eq. (4). Then we have
Remark 3.4 The localization emerges in the QW with one defect for the case of ∆ = ∆ 0 , if and only if |c| 2 > m depending on the initial coin state. The condition agrees with (M 4 ) in their notation of [9] . We also confirm that the localization dose not occurs without defect because of |c| 2 = m.
Remark 3.5 Let 1 be the all one vector on C Z . Then we have
Therefore we have µ
We discuss the missing value "1 − 1, µ ∞ " in the next section.
Weak limit measure of QW with one defect
Let C be the summation of the time averaged limit measure µ (Ψ0)
∞ (x) obtained by Theorem 3.2 over all the positions x ∈ Z. We should remark 0 ≤ C < 1. The following is the limit theorem with respect to the missing value 1 − C: 
Then it is obtained that as n → ∞, X n /n weakly converges to Z which has the following density function ρ(x)
where f K (x; |a|) is defined in Eq. (2) and
Remark 4.2 The QW with one defect also belongs to M K as in the case of typical homogeneous QWs [24, 25, 26, 27, 28, 29, 32, 33] .
Here L j,ǫ (s) is the matrix valued residues at the unit pole (−1) j w ǫ . We should remark that the characteristic function for the QW X n with the initial coin state ψ 0 is obtained by
Because the behavior has a ballistic spreading, from now on, we will concentrate on the evaluation for M n (k, ξ/n). Let
Then we have from the Riemann-Lebesgue lemma, for large n,
Notice that if w = e i±ϕ(s) , then |λ (±) | = 1. The explicit expression for P ± (s) are
, and Λ 0,± = lim w→e ±iϕ(s) Λ 0 (w). If we substitute x = h(s) to the integration in Eq. (38), then the following relations hold:
Equation (41) gives
and finally 1
Substituting these values into Eq. (38) completes the proof.
Remark 4.3 It can be seen that the density function always takes zero at the origin except m = |c| 2 case. Moreover in the no defect case, the density function with the initial coin state T [α, β] is written as
which agrees with [14, 15] . 
by Eq. (4). Then we have
where Z has the following density ρ(x):
Discussions
In this section, for simplicity, we restrict ourselves to treat the quantum coins in the setting of [1] , i.e., U is the Hadamard matrix and
Let the eigenvalue of the time evolution of the one defect QW U (s) be η, and corresponding eigenvector be
as follows: there exist C
where γ is a solution for
Indeed, we can confirm that U (s) Ψ(η) = ηΨ(η) under Eq. (44). Thus we have an expression for the eigenvector whose eigenvalue is η with two parameters Ψ (L) (0), Ψ (R) (0) ∈ C: 
Remark 5.1 Put S as the set of four singular points of the generating function of weight of passages given by Eq. (26) as follows. S = {σw τ : σ, τ ∈ {±}}.
Denote M as the set of four mass points of the spectral measure of U (s) obtained by [9] which belongs to the class (M 4 ) in the notation of [9] . Then we find that
where iS = {iw : w ∈ S}. The phase i in the above equation comes from the transformation given by Eq. (24) .
(in this case, ∆ = −1.)
We have concentrated on the initial condition, Ψ 0 , starting from one position. From now on, using the above arguments, we discuss a stationary measure when we remove the restriction to the initial condition.
Proposition 5.2 Assume that the walk starts with an initial state
Then the stationary measure with the initial state Ψ We should remark that when ω = 0 and we put the two parameters in Proposition 5.2 as |φ Let us also remark that by selecting an appropriate initial conditions, one can avoid localizations even for the systems with one defect for which the localization always exists when we start with an initial state which has all the support at the point of the defect. Indeed, for that, it is enough to compute one of at most four eigenvectors of U (s) and choose an initial state which is orthogonal to all of them. 
We should remark that the evolution of the QW in LHS of Eq. (47) is the same as that in RHS. The initial state in LHS corresponds to an eigenvector of U (s) , which has an infinite support. On the other hand, the support of the initial state in RHS is just the origin. From Eqs. (45) and (46), we easily find a general form of the time averaged limit measure of the walk, i.e., an exponential function skipping the computations imposed by Section 3. However when we require the values of two parameters φ (L) (0) and φ (R) (0) to obtain an explicit expression for the time averaged limit measure, after all we should come back again to the arguments of Section 3.
